We theoretically consider a quantum magnetic impurity weakly coupled to a superconductor and obtain the spectrum of subgap Yu-Shiba-Rusinov (YSR) states taking into account the effect of quantum fluctuations, anisotropy and thermal excitations. We consider the experimentally relevant case of a quantum impurity with easy-or hard-axis uniaxial anisotropy term Hanis = −D (S z ) 2 , which typically arise in magnetic atoms deposited on the surface of clean metals due to the presence of strong spin-orbit coupling and lack of inversion symmetry. Quantum fluctuations are taken into account at second-order in the coupling JK in the impurity Green's functions self-energy, and considerably modify the subgap spectrum compared to the classical-spin approximation. For an impurity with easy-axis anisotropy (parameter D > 0), when either the spin S → ∞ or the anisotropy parameter D → ∞, the classical results are recovered very slowly (i.e., as 1/S or 1/D, respectively), implying that this limit is very hard to reach experimentally. On the other hand, when D < 0 (hard-axis anisotropy) the impurity never reaches the classical limit, and the position of the YSR states differ considerably from the usual formulas. Importantly, at finite temperature a thermally-excited quasiparticle continuum induced by the anisotropy arises inside the T = 0 gap, and cannot be reproduced within the classical approximation. Our results point towards the importance of taking into account quantum fluctuations for the correct interpretation of STM experiments.
Since YSR states are naturally protected from decoherence processes by the presence of the superconducting gap 17 , they have become increasingly attractive from the point of view of quantum information technologies. Moreover, theoretical proposals [18] [19] [20] [21] have predicted that a chain of magnetic impurities adsorbed ontop of a conventional s-wave superconductor could support Majorana zero-modes and therefore could be used in topological quantum computation schemes 22 . Subsequent STM experiments realized on Fe atomic chains deposited ontop of superconducting Pb(111) or Pb(110) surfaces have revealed intriguing zero-bias peaks in the dI/dV signal, consistent with the Majorana zero-mode scenario 23, 24 . However, these experimental results are still under debate, and more theoretical and experimental work is needed to elucidate the presence (or not) of Majorana excitations.
When considering magnetic impurities on superconductors, it is customary to make the simplifying assumption that the spins are classical objects, which is physically expected in the large-spin limit S → ∞. However, recent theoretical works have pointed out that the classical spin limit might be hard to achieve in realistic experimental conditions, and that quantum fluctuations should be taken into account for the correct (quantitative and qualitative) interpretation of the experimental data 25, 26 . However, taking quantum fluctuations into account introduces many-body correlations which are intimately connected to the celebrated Kondo problem, a paradigmatic phenomenon in condensed matter physics [27] [28] [29] , and this fact considerably complicates the analytical treatment. The Kondo effect arises due to the s − d exchange coupling between a localized magnetic moment and the electrons in the conduction band. In the case of a normal metal (i.e., in the absence of pairing correlations), below a certain temperature known as Kondo temperature T K , the conduction-electron spins and the magnetic impurity become entangled in a many-body singlet (i.e., the Kondo singlet), and the magnetic moment of the impurity is effectively screened. However, for a superconducting host, the lack of electrons around the Fermi level due to the presence of the superconducting gap can result in an incomplete screening of the magnetic impurity, and gives rise to a complex interplay between superconductivity and Kondo correlations 30, 31 . In fact, in the case of an impurity spin S coupled to a single-band superconductor, the ground state of the full system (superconductor plus impurity) depends on the ratio between T K and ∆ 12, [30] [31] [32] [33] . When T K ∆, the many-body ground state has total spin S T = S − 1/2 and odd-fermion parity, and describes a Kondo-screened impurity, while the first excited (many-body) state corresponds to an unscreened S T = S multiplet with even fermion parity. This situation is reversed when ∆ T K . Using the Lehmann representation 34 , the intra-gap YSR states observed via STM spectroscopy can therefore be interpreted as parity-changing transitions between the ground-state and first-excited many-body states 35, 36 . When T K ∼ 0.3∆, a quantum phase transition (QPT) between these two states occurs 32, 33, 37, 38 , signalled by the crossing of the YSR states at E = 0 12, 14 . This transition is also known as the "0 − π" transition in the context of electronic transport through quantum dots attached to superconducting leads 39 .
From the experimental perspective, real quantumimpurity systems deposited on top of clean metallic surfaces usually present single-ion magneto-crystalline anisotropy, which arise due to the presence of strong spin-orbit coupling and lack of inversion symmetry at the surface 40 . Magnetic anisotropy has been identified 25 as an important mechanism which can give rise to a multiple YSR structure, which has been observed in several experiments [9] [10] [11] 14, 15, 41 . It is worth noting that the effect of anisotropy cannot be described within the classical approximation. In that case the only known mechanism leading to YSR multiplets is the presence of higher angular-momentum conduction-electron scattering channels 1,4,9-11 .
These recent experimental advances point to the inherent complexity of realistic magnetic impurities on superconductors, and demand theoretical approaches that can go beyond the classical-spin approximation in order to interpret correctly the STM results. The classical-spin approximation breaks the rotational SU(2) and timereversal symmetries, and cannot describe the effects of the ever-present single-ion anisotropy in realistic STM systems. In that respect, it is interesting to point out recent theoretical efforts which take into account the quantum nature of magnetic impurities, either using the exact, but numerically costly, numerical renormalization group (NRG) method 25, 26, 36, 42 , or perturbation approaches in the parameter U of the corresponding Anderson model [43] [44] [45] , which limited their attention to the ideal case of zero single-ion anisotropy. The Anderson model in a superconducting host has also been studied by means of the quantum Monte Carlo method 46 , but its intrinsic difficulty to perform the analytical continuation to real frequencies makes this technique very hard to use in this case, where the sharp YSR resonances need to resolved. In fact, there are actually few theoretical methods that can reliably account for experimentally relevant effects, such as anisotropy and temperature.
Besides these experimental motivations, fundamental questions also arise when magnetic impurities interact with a superconducting host, e.g., is it possible to make sense of the classical-spin approximation when either S → ∞ or D → ∞? Which is the regime of validity of the classical approximation? Despite its aforementioned short-comings, this approximation was able to predict the emergence of YSR states, and it is interesting to explore its regime of validity within a broader, better suited theoretical framework.
Based on these experimental and theoretical motivations, in this paper we study a quantum spin S coupled to a superconducting host via an exchange coupling J K . Taking J K as a small parameter, we use Green's function perturbation theory and the Dyson's equation 34 , and obtain the spectrum of subgap YSR states, including the experimentally relevant effects of quantum fluctuations, uniaxial anisotropy and temperature, treating them on equal footing and in an unbiased way. Quantum fluctuations are encoded in the self-energy of the impurity, which is computed at second order in J K , and considerably modify the subgap spectrum as compared to the classical spin case. In the case of quantum impurities in normal metals, we note that the perturbative approach in J K is known to fail since the perturbative series is plagued by logarithmic divergencies ∼ ln(T /T K ) at low temperatures 28, 29 . However, in our case the presence of the energy gap ∆ acts as a low-energy cut-off for these divergencies, and allows us to extend the perturbative results to the limit T → 0.
For an impurity with easy-axis anisotropy (parameter D > 0), when either the spin S → ∞ or the anisotropy parameter D → ∞, the perturbation method allows to recover the classical results, although this occurs very slowly (i.e., as 1/S or 1/D, respectively), implying that this limit is very hard to reach experimentally. Moreover, when D < 0 (hard-axis anisotropy) the impurity never reaches the classical limit, and the position of the YSR states differ considerably from the usual formulas. Importantly, at finite temperature a thermally-excited quasiparticle continuum induced by the anisotropy arises inside the T = 0 gap. This is a novel effect that cannot be reproduced within the classical approximation. Our results point towards the importance of taking into account quantum fluctuations for the correct interpretation of STM experiments.
The rest of the paper is organized as follows. In Sec. II we present the theoretical model. In Sec. III we present analytical results obtained within second-order perturbation theory in J K at T = 0, and in Sec. IV we present the results at finite temperature. Finally, in Sec. V we summarize the main results and present the conclusions.
I. THEORETICAL MODEL
We describe a magnetic impurity coupled to a superconductor by the following Hamiltonian
Here H SC is the BCS Hamiltonian describing a conventional single-band s-wave superconductor σ along theẑ axis, ε k is the dispersion relation of normal quasiparticles, and ∆ is the superconductor gap. We describe the microscopic coupling of a quantum magnetic impurity to a superconducting host by the single channel s-d exchange (or Kondo) Hamiltonian
characterized by the antiferromagnetic exchange coupling J K . We note here that the multiple YSR structure observed in certain experiments [9] [10] [11] 14, 15, 41 could be related to the combination of multiple screening channels and anisotropy 25 , or to the presence of screening channels with higher angular-momentum 1, 4, 9 . Therefore, our simple single channel model cannot describe a YSR multiplet structure. This feature will be studied in a subsequent work, and here we keep the description as simple as possible.
Finally, the single-ion magnetic anisotropy term
describes a spin-S magnetic impurity with uniaxial anisotropy along theẑ direction. Physically, the case of easy-axis anisotropy (D > 0) favours the maximal S z projections, i.e., m = ±S, while the hard-axis case (D < 0) favours an impurity ground state with projection m = 0 for S even, or m = ±1/2 for S odd.
Yu, Shiba and Rusinov studied the above Hamiltonian in the approximation S → S, which effectively yields a single-particle Hamiltonian describing a superconductor with a local Zeeman term [2] [3] [4] . This type of approximation, in the limit of infinite band width W → ∞, generates subgap excitations located at
where α = J K Sρ 0 π/2, with ρ 0 the density of states at the Fermi energy, and where the ± sign means that the YSR states are symmetrically located around the Fermi energy due to the electron-hole symmetry of the BCS Hamiltonian (2) (here the subscript "cl" stands for classical approximation). A YSR state can be interpreted as a discrete fermionic transition between the ground state and the first excited state, which belong to subspaces with different fermionic parity 35 . As J K increases, these states become closer in energy, and consequently the positive and negative YSR states approach the Fermi energy. Eventually, when they become exactly degenerate the system experiences a parity-and spin-changing QPT, which is signalled by the crossing of the YSR states at the Fermi level. In the classical approximation, the QPT occurs for α = 1 [see Eq. (5)], and in the phase with α > 1, the local Zeeman potential becomes strong enough to bind an extra electron to the impurity spin, thus changing the fermionic parity in the ground state 35 . Later, , see text. c) Diagrammatic expansion of the Green's functions G (11) and G (12) [elements (11) and (12) respectively of the matrix G in Eq. (14)], using the second order self-energy Eq. (15) . Only one of the second order diagrams of the infinite Dyson's series is shown. The dashed red line represents the spin correlator Tτ S − (τ )S + (0) , and the unperturbed Green's functions are labelled by g0 and f0.
Zittartz and Müller-Hartmann
30,31 studied a Kondo impurity in a superconducting host, adapting Nagaoka's decoupling scheme of equations of motion for the Green's function 47 to the superconducting case, and recovered the YSR states in the presence of quantum fluctuations. They realized that the relevant condition signalling the QPT is actually ∆ ≈ T K 30,31 . Finally, the development of the NRG technique enabled to obtain a detailed description of the full many-body problem, and to precisely obtain the critical ratio T c K /∆ (e.g., T c K /∆ = 0.27 for a S = 1/2 impurity). When ∆ > T c K , the ground state is an unscreened many-body state with total spin S T = S and even fermion parity. For ∆ < T c K a Kondo screened ground state with S T = S − 1/2 and odd parity occurs 32, 33, 37, 38 . We now outline the second-order perturbation theory, which is a standard many-body perturbation method 34, 48 . The type of processes which are taken into account are schematically shown in the Feynman diagram of Fig. 1(c) . In Fig. 1(b) we show the fluctuations within the internal states of the impurity, asumming easy-axis anisotropy D > 0. In this case, and at T = 0, the system can only fluctuate between m = −S (m = S) and m = −S + 1 (m = S − 1) states.
Since the perturbative approach is valid only in the limit J K → 0, here we assume T K ∆, i.e., far from the QPT and where the impurity spin is in the unscreened phase. Under this assumption, perturbation theory is a reliable method as the many-body Kondo correlations, which are non-perturbative, are minimized. The unperturbed Matsubara propagators in the superconductor in the absence of the magnetic impurity can be compactly written in Nambu space as
where τ is the imaginary time. Here
are the unperturbed electron-electron, electron-hole, hole-electron, and hole-hole propagators, respectively, and T τ is the imaginary time-ordering operator. In Matsubara-frequency representation, these propagators can be expressed as
where ν n = π(2n + 1)/β are the fermionic Matsubara frequencies, and where
are, respectively, the electron and hole weights of the Bogoliubov quasiparticle with energy
Assuming SU(2) symmetry in the superconducting bath, we can drop the spin indices in what follows. The Dyson's series can be derived for the Nambu Green's function, assuming that the Kondo temperature is negligible, and we obtain
where Σ (iν n ) is the self-energy matrix, computed at second order in J K :
where ω l = 2πl/β are the bosonic Matsubara frequencies, and S 2 z anis (iω l ) = δ l,0 S 2 z anis is the thermal average of the operator S 2 z , computed with respect to the magnetic anisotropy Hamiltonian (4). Since the operator S z commutes with H anis , this term has only a static Matsubara component, i.e. ω l = 0. This term is the contribution giving rise to the classical YSR states. The other term in square brackets corresponds the quantity
i.e., the dynamical spin correlator representing the quantum fluctuations in the impurity given by the Feynman diagram in Fig. 1(c) . Since the operators S ± do not commute with H anis , this correlator contains dynamical Matsubara components ω l = 0 encoding the information about the magneto-crystalline anisotropy. Note that in the case of positive D > 0, transitions to excited states become less and less likely as D increases, and eventually in the limit D → ∞, the correlator S − S + anis (iω l ) → 0, and the classical YSR results are recovered.
Performing the analytical continuation of the Matsubara frequencies into the complex plane, iν n → z, the YSR states can be found as the real poles of the Green's function G (z) within the gap ∆. Therefore, finding the poles of G (z) amounts to solving for the real solutions of the determinant (see Eq. 14)
Fourier transforming Eq. (6) and performing the sum in k, allows to obtain the expression
Replacing this expression into Eq. (17) yields
where the different signs correspond to the positive and negative YSR states, and where Σ (αβ) (z) are matrix elements of Σ(z), obtained from the analytical continuation of Eq. (15).
II. RESULTS AT
It is instructive to study first the isotropic case D = 0. In that case, the Hamiltonian H anis vanishes, and the magnetic impurity has no internal dynamics. Therefore, the averages become S 2 z (iω l ) anis = S 2 δ l,0 and S − S + (iω l ) anis = Sδ l,0 , and Eq. (15) reduces to
From this expression, note that the classical YSR result can be obtained by removing the fluctuations and
▲ ▲ ▲ ▲ ▲ ▲
• α=0.1 ■ α=0.47 ▲ α=0.65 keeping only the static term S 2 , which yields
Then, in the limit of infinite bandwidth W → ∞, replacing this expression into Eq. (19), we recover the classical expression (5). On the other hand, when quantum fluctuations are considered, the YSR energies become (for the same value of α)
Therefore, in the isotropic case the perturbative approach at order O J 2 K is qualitatively similar to the classical YSR result, provided we renormalize α →α = α 1 + 1/S (as will see in the next sections, this only occurs in the isotropic case. In the presence of anisotropy, the position of the YSR states differ considerably from the classical limit). Eq. (21) is physically appealing, as we intuitively expect to recover the classical spin approximation in the limit S → ∞. In Fig. 2 we show the position of the YSR energy as a function of spin S for α = 0.1, 0.47 and 0.65, and compare it with the classical limit. As expected, the classical limit is only recovered when S → ∞
We also note that, due to the slow dependence 1/S, the classical result is very hard to reach experimentally. This result is qualitatively similar to that obtained by Zitko using NRG, who studied the quantum-to-classical crossover in isotropic impurities in superconductors (see Ref. 26) . Through a numerical fit of the NRG results, he obtained that the classical limit is reached as 1/S 1.1 , very close to our analytical result. Interestingly, perturbation theory also predicts a QPT as a function of S, which occurs at the critical value S c = α 2 /(1 − α 2 ) (see Fig. 2 ). This is similar to Ref. 26 , where a critical value S c is found with NRG. For comparison, using α = 0.47, in that referenceŽitko found phase transition between 2 < S < 5/2, whereas in our case we find the transition for an unphysical value S c ∼ 0.28 < 0.5 (see blue line in Fig. 2 ). This result puts in evidence the limitations of the method, which becomes unreliable near the QPT (i.e., in this case, when S ≈ S c ). We recall here that the transition actually arises from the competition between the Kondo correlations, which are absent in the perturbative approach, and ∆, and therefore is not related to the vanishing of Eq. (21) . In order to ensure the validity of the perturbative approach, we therefore must restrict the values of S to S c S. As can be seen in Fig. 2 , the range of values of S for which this requirement is fulfilled becomes parametrically larger when α → 0 (see black line, which correspond to the value α = 0.1, for which already the case of the lowest physical spin S = 1/2 is already much larger than S c ).
B. Anisotropic case D = 0
We now focus on the case of finite anisotropy at T = 0. As we mentioned in the introduction, the presence of anisotropy changes qualitatively the low-temperature properties of quantum impurities. In particular, while easy-axis anisotropy tends to favour the classical limit when |D| → ∞, this is not the case for the hard-axis anisotropy, where the classical limit, strictly speaking, does not exist. Moreover, in this case we still need to distinguish the cases of half-integer and integer spin S, as the ground state is qualitatively different (doubly-or non-degenerate). We therefore distinguish in what follows three different cases: 1) D > 0, 2) D < 0 and S half-integer, and 3) D < 0 and S integer, which we analyze separately in the following.
Case D > 0
The results in this section are depicted in Fig. 3 for D > 0, both for S half-integer [ Fig. 3(a) ] and S integer [ Fig. 3(b) ]. In this case, the ground state of the isolated impurity takes the maximal S z projection m = ±S, and when D is very large with respect to ∆, the spin fluctuations become negligible because the system needs an energy of the order of D(2S−1) to be able to flip to states m = ±(S − 1) [see Appendix A and Fig. 1(b) ]. This energy scale depends on D and S, and evinces that when S is increased, the system converges more quickly to the classical limit when the anisotropy is increased. In fact, either for S → ∞ or D → ∞, the system converges to the same classical limit. This behavior can be explained replacing the expression of the self-energy into the equation Eq. (19) , in order to obtain the corresponding YSR states. This self-energy can be written as (see Appendix A)
where we have separated the static component
from the dynamical component containing the quantum fluctuations
where
In the limit W → ∞, replacing the self-energy Eq. (23) into Eq. (19), we obtain the equation for the YSR pole
The solution to this equation is reduced to the classical YSR state given by Eq. (5) when either S → ∞ or D → ∞ (the explicit analytical solution is very complicated and it is not very illuminating, thus we have only written the equation rather than the solution). Note that while the classical component of (23) is unchanged as compared to that of Eq. (20) , the term corresponding to quantum fluctuations has considerably changed. This is expected since, as we mentioned before, the anisotropy is revealed only through quantum fluctuation processes in the impurity.
Case D < 0 and S half-integer
As we mentioned, when the anisotropy is negative (hard-axis anisotropy), the impurity favors the states with minimal projection of S z . In addition, when the spin S is half-integer, the isolated impurity has a doublydegenerate ground-state spanned by the states m = ±1/2, which implies that quantum fluctuations subsist even in the limit |D| → ∞. This means that the classical YSR energy is never achieved in that limit [see the negative axis in Fig. 3(a) ]. The corresponding expression for the components of the self-energy are (see Appendix A)
which corresponds to Eq. (24) with S replaced by the value 1/2, and
In order to get more physical insight, we now take the limit D → −∞ in this expression. In that case, note that the second line vanishes since G 0 (ω ± 2|D|) → 0 and F (ω + 2|D|) − F (ω − 2|D|) → 0. Physically, taking the limit D → −∞ amounts to projecting out the states |m| > 1/2: the fluctuations between states ±1/2 ±3/2 . . . become negligible, but the fluctuations between states −1/2 1/2 remain. Therefore, at low energy the anisotropic original spin S maps onto an effective spin S eff = 1/2, which is coupled to the superconducting host via the anisotropic Kondo exchangẽ
. For this last case, the self-energy can be easily derived and writes
It is easy to see that in terms of this effective S eff = 1/2 impurity, the transverse contribution is actually more important than the parallel (classical) contribution, meaning that the classical limit cannot be reached. Consistently, the position of the YSR states as a function of S becomes
very different from the classical limit E cl given by Eq. (5) (note that the case S = 3/2 is an exception, for which E YSR = E cl ). This behavior is shown in Fig. 3(a) for D < 0, where we note the difference with respect to the case D > 0.
Case D < 0 and S integer
In Fig. 3 (b) we show the YSR energy for D < 0 and spin S integer. In this case the ground state of the isolated impurity corresponds to m = 0 and therefore only the dynamical term Σ ⊥ (ω) contributes to the selfenergy. The system needs an energy of the order of |D| in order to flip the spin to the states m = ±1 at T = 0. Therefore, when D → −∞ these fluctuations become negiglible, and the self-energy vanishes. Therefore, the effective coupling between the superconductor and the impurity tends to zero and the YSR levels shifts towards the edge of superconductor gap: the system effectively behaves as an unperturbed superconductor.
The analytical expression for the self-energy in this case is
where the static contribution Σ (ω) arising from the term S 2 z is absent. As |D| → ∞, it is easy to check that Σ (ω) → 0. 
III. FINITE-TEMPERATURE RESULTS
The most important results of this work arise from the interplay between anisotropy, quantum fluctuations and thermal effects, which put in evidence the complexity of quantum impurities in superconductors. An excited spin state lying at an energy∆ above the impurity ground state will be thermally populated with Boltzmann probability ∼ e −∆/T , and new scattering channels, which are forbidden at T = 0, will be allowed. Intuitively, a thermally populated excited state in the impurity can decay into the lowest spin state, providing an amount of energȳ ∆ to a Bogoliubov quasiparticle. As a result, the energy barrier to reach the quasiparticle continuum is now ∆ −∆, instead of ∆ as in the isotropic case. This gives rise to an intra-gap continuum of excitations, originated from the combination of anisotropy, quantum fluctuations and finite temperature. It is important to stress that these three ingredients are necessary for this to occur.
In order to obtain more physical insight into these new processes, we now focus for concreteness on the case D > 0 and S = 3/2, where∆ = 2D. From the Eqs. (A13) and (A14) we obtain the following expression for the selfenergy
where Σ(ω, 0) is the zero-temperature self-energy Eq. (23) for S = 3/2, and where Z = 2 + 2e −∆/T is the partition function (here an unimportant common factor has been ignored). Note that the most relevant dependence on temperature is encoded in the factor e −∆/T /Z multiplying the term in curly brackets. A finite imaginary part in the self-energy, induced by thermally-excited quasiparticles, arises from the sum G 0 (ω +∆)/2 − F ω +∆ for ω ≥ |∆−∆|, and from the sum G 0 (ω −∆)/2+F ω −∆ for ω ≤ −|∆ −∆|. Therefore, the superconducting quasiparticle gap effectively reduces to the region −(∆ −∆) ≤ ω ≤ ∆ −∆ under the simultaneous effect of temperature and anisotropy. Moreover, note that this gap completely closes for∆ ≥ ∆. However, in the limit D → ∞ the Boltzmann factor in Eq. (34) becomes negligible, and so does the imaginary part. Therefore, in this limit, the usual superconductor gap ∆ is recovered.
This phenomenology should be experimentally observable for instance, in the dI/dV signal in STM experiments. To better visualize the experimental consequences of our theoretical results, we analyze the particle component of the local density of states (LDOS) at the site of the impurity,
where G (11) (ω, T ) is the (11) element of the dressed Nambu Green's function Eq. (14) .
In Fig. 4 we show the LDOS for S = 3/2 and α = 0.1, for different values of the anisotropy parameter D = 0, 0.01∆, 0.03∆ and ∆/2. We fix the temperature to T = 0.25∆. Note that since we have considered a BCS model with a static pairing parameter ∆, which strictly speaking should be obtained self-consistently 48 , we cannot use values of T too close to T c . Using the particlehole symmetry of our theoretical model, only the region ω > 0 has been plotted. For D = 0, a δ-peak representing the YSR state given by Eq. (21) is located at 0.967∆. As the anisotropy increases to D = 0.01∆, two main features are observed: a) an intra-gap continuum of thermally-excited quasiparticles emerges in the interval |∆ −∆| < ω < ∆ (see orange-shaded region), and the superconductor gap is effectively reduced, and b) the YSR δ-peak shifts towards the Fermi energy, appearing just below the thermal continuum edge. As D is increased, spectral weight is transferred from the YSR δ-peak to the thermal continuum, and a new resonance emerges within the continuum. For D = ∆/2, the original superconductor gap at T = 0 closes up, completely filled with thermally-excited quasiparticles [see Fig. 4(d) ], and the YSR δ-peak, which can only occur in the absence of a quasiparticle continuum, dissappears. Concomitantly, the spectral weight of this δ-peak vanishes. Eventually, for even larger values of D, the only surviving feature at frequencies |ω| < ∆ is the resonance inside the thermal continuum, whose width is proportional to ∼ e −∆/T . In the limit D → ∞, the width of this resonance vanishes and the classical YSR state is recovered.
This complex behavior can be better understood in Fig. 5 , where we show the position of the Shiba states at T = 0 (continuous blue line) and the edge of the thermal continuum described by the function ∆ − 2D (dotted black line), as functions of D. In addition, we show the maxima of the LDOS at T = 0.25∆ (gray dots) for energies ω < ∆. At D = 0 the position of the YSR state at T = 0.25∆ coincides with the value at T = 0. This is expected, since in the absence of anisotropy the LDOS does not depend on temperature. However, as D is increased the δ-peak representing the YSR state shifts to lower energies following closely the continuum edge (dotted black line). Simultaneously, a new maximum of the LDOS emerges within the thermal continuum for D ∼ 0.014∆, at the crossing of the black and blue lines. This new maximum is a remnant of the zerotemperature YSR state given by the blue line which, since now it lies within the thermal continuum, it coexists with thermally-excited quasiparticles and becomes broadened. The crossing point at D ∼ 0.014∆ marks the point at which the spectral weight starts to be transferred from the δ-peaks to the continuum, labelled respectively as W 1 and W 2 , in the inset of Fig. 5 . Note that the sum of the contributions to the spectral weights is a smooth function of D, which behaves as ∼ e −∆/T as expected from Eq. (34) . Eventually, for∆ → ∞, the spectral weight becomes exponentially small, and the probability to find a thermally excited quasiparticle in the region |ω| < ∆ vanishes. Consequently as mentioned above, thermal broadening effects become negligible and we recover the classical YSR δ-peak at position E cl given by Eq. (5). In addition, the original superconductor gap ∆ is restored. This is consistent with the narrowing of the resonance shown in Fig. 4(d) , which eventually becomes a δ-peak in the limit D → ∞.
It is worth mentioning that for impurities with spin S > 3/2, the presence of higher excited states would give rise to more continuum-edges coming from different transitions (i.e. ±S ±(S − 1), ±(S − 1) ±(S − 2), ...), and therefore a much more complex subgap spectrum of excitations is obtained.
IV. SUMMARY AND CONCLUSIONS
We have studied the subgap spectrum of magnetic impurities deposited ontop of clean superconductors by means of perturbation theory in the fermionic Green's function, and we have focused on the simultaneous effects of single-ion anisotropy and temperature, which are relevant effects in, e.g., STM experiments. Our motivation is to obtain a simple theoretical description of the subgap excitations, which at the same time allows to go beyond the classical spin approximation, and that allows to include the effect of anisotropy. Our results point to the necessity of including the impurity spin quantum fluctuations in order to correctly interpret the experimental results, even for systems with relatively "large" spins. While many theoretical and experimental works make use of the classical spin approximation, we have shown that many interesting features of quantum impurities on superconductors cannot be described within the classical framework due to its tendency to oversimplify the inherent complexity of these systems. This is particularly important in the presence of anisotropy and at finite temperature.
One important point in our work is that the presence of anisotropy changes the behavior of quantum impurities on superconductors in a fundamental way. Since anisotropy is ever-present at the surface of superconductors with large atomic number such as Pb, it cannot be disregarded in the theoretical description. Recently Pb has been used as platform of many STM experiments. Second-order perturbation theory predicts, in the presence of anisotropy, a shift of the Shiba states with respect to the fully isotropic value (D = 0). In particular, for easy-axis anisotropy D > 0, our results converge smoothly to the classical-spin case in the limit D → ∞. However, this limit is slowly reached [as ∼ 1/(DS)], and we expect that quantum fluctuations are important even for impurities with "large" spin. On the other hand, for the case of easy-plane anisotropy D < 0 the classical limit is never reached.
From the technical perspective, the perturbative approach used here combines its simplicity of implementation with the ability to describe the simultaneous effects of anisotropy and temperature in an unbiased way. This is not an easy task to implement with other available methods. However, its drawback is that it cannot qualitatively describe the quantum phase transition taking place when T K ≈ ∆ since it does not include the many-body Kondo correlations, which are inherently non-perturbative. The regime of applicability therefore corresponds to systems which are deep in the unscreened phase T K ∆, and we expect the second-order perturbative approach to become quantitatively accurate only in the limit S → ∞. It would be interesting to have a better quantitative estimation of the performance of the perturbative method using, for instance, an exact impurity-solver, such as NRG.
In addition, we note that in our theoretical description, we have used a single superconducting band. While this has the advantage of simplifying the analytical treatment, we note that in order to describe realistic experiments, this might not be enough. For instance, as we have mentioned in the main text, the presence of YSR multiplets and multiple scattering channels is beyond our single band theory. As a result we have found, at most, a single δ-peak excitation.
However, the most important conclusions of this work does not concern the quantitative accuracy of the method, but are related to the qualitative features, in particular, those involving the simultaneous presence of temperature and anisotropy. We have pointed out that when both of these are present, novel features, such as the presence of an anisotropy induced thermal continuum inside the T = 0 superconducting gap, emerge. We believe that the presence of such a continuum is a robust feature which could be experimentally tested. To the best of our knowledge, such an effect has not been experimentally addressed. Finally, we think our results will be useful for the correct interpretation of STM experiments, and to make theoretical predictions which take into account the true quantum nature of magnetic impurities in superconductors.
